PHYSICAL REVIEW E

VOLUME 53, NUMBER 4

Tov Elperin and Nathan Kleeorin
The Pearlstone Center for Aeronautical Engineering Studies, Department of Mechanical Engineering,
Ben-Gurion University of the Negev, P.O.B. 653, 84 105 Beer-Sheva, Israel

Igor Rogachevskii
The Racah Institute of Physics, The Hebrew University of Jerusalem, 91904 Jerusalem, Israel
(Received 7 August 1995)

Isotropic and anisotropic spectra of passive scalar fluctuations in a turbulent fluid flow with a power law
ok~ # spectrum are analyzed. The isotropic spectra occur in flows with zero mean external gradient of passive
scalar concentration and passive scalar fluctuations can be caused by an external source. On the other hand, in
the presence of nonzero mean external gradient of concentration, passive scalar fluctuations are anisotropic and
can be excited by “‘tangling” of the mean external gradient of the passive scalar by turbulent fluid flow. The
analysis is based on the renormalization procedure in the spirit of Moffatt [J. Fluid Mech. 106, 27 (1981); Rep.
Prog. Phys. 46, 621 (1983)]. It is shown that the anisotropic k> spectrum of passive scalar fluctuations is
universal, i.e., independent of exponent B in a turbulent velocity spectrum. In the particular case of the
Kolmogorov spectrum (B=5/3) of turbulent velocity field the derived general spectra recover the known
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I. INTRODUCTION

Passive scalar fluctuations in incompressible and com-
pressible turbulent fluid flow were studied quite extensively
(see, e.g., [1-7], and references therein) due to the great
importance of the turbulent mixing problem. However, some
of the aspects of this phenomenon, e.g., the problem of spec-
tra of the passive scalar fluctuations, are still not completely
understood. Isotropic and anisotropic spectra of the passive
scalar fluctuations in different cases were analyzed in numer-
ous studies (see, e.g., [3,8—14]) by means of different meth-
ods. The isotropic spectra occur in flows with zero mean
external gradient of passive scalar concentration. In this case
passive scalar fluctuations can be caused by an external
source. On the other hand, in the presence of nonzero mean
external gradient of concentration, passive scalar fluctuations
can be excited by “tangling” of the mean external gradient
of the passive scalar by turbulent fluid flow. In this case the
spectra of passive scalar fluctuations are called anisotropic.

Some of the results on spectra of passive scalar fluctua-
tions are a subject of discussion and controversy. Namely,
the existence of the anisotropic k3 spectrum of passive sca-
lar fluctuations was repeatedly discussed in the literature
(see, e.g., [2,15-17]). Although this spectrum was observed
in experiments (see, e.g., [17—19]) its origin still remains
poorly understood.

In this study we analyze the isotropic and anisotropic
spectra of passive scalar fluctuations in a turbulent fluid flow
with a power law ok~ # spectrum using the renormalization
procedure in the spirit of Moffatt [20]. Notably, this ap-
proach allows us to derive all the known spectra of passive
scalar fluctuations (in scales from the maximum scale of tur-
bulent motions to the viscous scale), including the k3 spec-
trum.
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In order to elucidate the problem, in this section we
present a short review of the isotropic and anisotropic spectra
of passive scalar fluctuations obtained with simple dimen-
sional arguments and approximate estimations. First, con-
sider isotropic homogeneous and incompressible turbulent
fluid flow with zero mean external gradient of a number den-
sity of passive scalar particles. The external source of passive
scalar fluctuations is localized in region of scales <[,
where [, is the energy containing scale of hydrodynamic
turbulence. The equation for a fluctuating component g of
passive scalar concentration in incompressible turbulent fluid
flow u reads

dq
5+(u~V)q=DAq+e, (1)

where D is the coefficient of molecular diffusion and € is the
external source of the passive scalar fluctuations. As was
found by Obukhov [8] and Corrsin [9] the spectrum of pas-
sive scalar fluctuations in a range ko<k<<min(k,,kp) is
given by

L (k)ock ™", @

where
(@)= Tra ®
0

ko=1y 1, kp= 151 , Ip is the length scale in which molecular
diffusion is dominant, k,,=l;1, and [, is the ‘‘viscous”
length scale at which molecular dissipation becomes domi-
nant. For instance, for Kolmogorov turbulence [,
«Re” *,, where Re=ugl,/v, is the Reynolds number, v,
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is the kinematic viscosity, and u, is the characteristic veloc-
ity in scale y. The k>3 spectrum of passive scalar fluctua-
tions is obtained by means of dimensional analysis if one
assumes that

(4* ) _ ¢
T(k) = const,
E(k)ock ™, )

where

7(k) =[ku(6)] ™,

u(k) = (u2),, (5)
k k o
<q2>k=f T'(k")dk', f Ejk ,

(u?),= ka(k')dk',

and E(k) is the spectrum function of turbulent velocity field
u. Conditions (4) and (5) imply the following estimate of
magnitude of terms in Eq. (1): (u-V)g~ € and a condition
(egq)=const. The k'3 spectrum of passive scalar fluctua-
tions depends on the exponent of the spectrum of turbulent
velocity field. This spectrum exists in the region
ko<k<min(k,,kp) and is independent of the molecular
Prandt]l number Pry=v,/D.

When Pryg>1 in the region k,<k<kp the spectrum of
passive scalar fluctuations is given by

T(k)ock™!

(see [11,13]). This spectrum can be obtained if one assumes
that

2
<;1( k>)k = const, 6)
7(k)=const. )

Condition (7) means that in the interval k,<k<<kj, there is
only one characteristic time of a random velocity field.
Until now we considered the isotropic spectra of passive
scalar fluctuations, i.e., passive scalar fluctuations with zero
mean external gradient of passive scalar. On the other hand,
when the external mean gradient of the passive scalar VN,
# 0, the spectra of passive scalar fluctuations are anisotropic.
Now let us discuss these anisotropic spectra. In this case
passive scalar fluctuations can be excited by ‘“‘tangling” of
the mean external gradient of the passive scalar by turbulent
fluid flow. When VNy#0 the equation for the fluctuating
component g of the passive scalar concentration reads

First consider the case Pry<<1 and examine the range
kp<<k<<k,. An estimate

DAg~(u-V)N, ©)
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in Eq. (8) and an assumption of the Kolmogorov spectrum of
hydrodynamic turbulence E(k)ock™>? yield the spectrum of
the passive scalar fluctuations in this case:

T (k)s<k ™ 1B(VNy)2. (10)

Note that the latter spectrum of the passive scalar fluctua-
tions is anisotropic, i.e.,

®(k)ck ™ "Bsin?6(VN,)?,

where
I’(k)=f ®(k)k>sinbd 6d p,

and 6 is the angle between a wave vector k and VN, .

The k™ '7* spectrum is also valid for isotropic passive
scalar fluctuations (VNy=0). In the case of the isotropic
passive scalar fluctuations this spectrum was derived in [12].
An estimate

DAg~(u-V)g (11)

in Eq. (1) is valid in this case. If we assume that in the range
kp<<k<<k, the spectrum of passive scalar fluctuations is
steep, then the main contribution in the (u- V)¢ term is from
fluctuations of passive scalar g(k') of the inertial range
ko<<k'<kp and from fluctuations of velocity field u(k”) of
the interval kp<<k”<k,. This means that in the (u-V)g
term the fluctuations ¢ and u are not correlated. The latter
yields the k™17 spectrum of isotropic passive scalar fluctua-
tions:

r(k)ock~l7/3‘vq|2,

where an assumption of the Kolmogorov spectrum of hydro-
dynamic turbulence E(k)><k > was used.

Now we consider the spectrum of the anisotropic passive
scalar fluctuations in the interval ky<<k<<min(k,,kp). The
spectrum in this interval can be obtained by means of Eq. (9)
whereby the coefficient of the molecular diffusion D is re-
placed by a scale dependent coefficient of the turbulent dif-
fusion 7(k):

(- V)No~ n(k)Aq. (12)
and
k
k)~ ”(k ) (13)

Equations (12) and (13) yield the spectrum of the passive
scalar fluctuations in the range ko<k<< min(k,,kp):

T'(k)ock3(VN,)?

(see [10]). In Sec. III we derive the isotropic and anisotropic
spectra of the passive scalar fluctuations (in scales from the
maximum scale of turbulent motions to the viscous scale) by
means of a renormalization procedure.
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II. RENORMALIZATION PROCEDURE AND TURBULENT
TRANSPORT COEFFICIENTS

In this section we consider properties of passive scalar
fluctuations in a turbulent fluid flow. The renormalization
procedure (see, e.g., [20,21]) is employed here for investiga-
tion of the passive scalar fluctuations in turbulence with a
mean gradient of passive scalar. Numerous works on turbu-
lence are confined to a study of the large-scale properties of
flows by averaging the equations over the ensemble of the
fluctuations (see, e.g., [1-3]). This averaging is carried out
over the fluctuations in all scales of turbulence.

On the other hand, the averaging in the renormalization
procedure is performed over the fluctuations of scales from
I, to I, within the inertial range of turbulence /, <[, </;. In
the very small scales /<!, the molecular dissipation is im-
portant. Therefore turbulent viscosity v and turbulent diffu-
sion 7 depend on the scale of the averaging [/, . The next
stage of the renormalization procedure comprises a step-by-
step increase of the scale of the averaging. This procedure
allows the derivation of equations for the turbulent transport
coefficients.

We perform the first step of the renormalization proce-
dure, i.e., average the Navier-Stokes equation and the equa-
tion for the concentration of the passive scalar over the fluc-
tuations with the scales from [, to [,. The averaged
equations for velocity v and concentration n are given by

O (V- V)V=— ~Vp+ vAv+E 14
‘a—t(V' )V—*;PVV ) (14)
on
E+(V~V)n=77An+e, (15)

where V-v=0, € is the external source of passive scalar
fluctuations, pf is the external force, p is the pressure. The
turbulent coefficients v and 7 depend on the scale of aver-
aging [ .

After this averaging, the range [>[, corresponds to
“mean” fields whereas fluctuations are in the range <</, .
The influence of the fluctuations on the ‘“mean” fields is
described by the turbulent coefficients v and 7.

Let us change the scale of the averaging by a small value
|AKk|<k, (where the wave number k=1 ;1) and average
Eqgs. (14) and (15) over the fluctuations. Now in the region
k<k,—|AK| the velocity V and concentration N are the
mean fields whereas the region >k, —|AK| corresponds to
the turbulent fields. Since Egs. (14) and (15) have been al-
ready averaged over the fluctuations in the scales that are
smaller than [, , it is sufficient to average these equations
over fluctuations in the small interval k,—|Ak|<|k|<k,, .
Here v=V+u, n=N-+gq, V=(v), N=(n), and the angu-
lar brackets denote averaging over the ensemble of fluctua-
tions in the domain &, — |AK|<|k| <k, . Therefore the equa-
tions for the mean fields V and N are given by

AR LI 16
N e (V.V)N-pAN=— 17
5 (V-V)N—npAN= ¥ (17)

J

where V-V=0, the Reynolds turbulent-stress tensor
0;;=—(u;u;), and the flux of particles W;=(qu;). The
equations for mean fields comprise the second moments for
the turbulent fields. To obtain a closed system of equations it
is necessary to find the dependence of the second moments
(u;u;) and (qu;) on the “mean” fields. To achieve this goal
we perform the following procedure.

(1) We derive equations for the turbulent fields u=v—V
and g=n—N in a frame moving with a local velocity of the
mean flow V.

(2) Define a background turbulence as the turbulence
without mean gradients of both mean passive scalar concen-
tration VN=0 and mean velocity V,V;=0. For simplicity
the background turbulence is assumed to be homogeneous
and isotropic. The solutions of the derived equations u‘® and
q'? correspond to the background turbulence.

(3) The goal of the present study is to analyze a deviation
from the solutions u® and ¢‘® due to the presence of both
mean passive scalar gradient VN and gradient of the mean
flow V,V;, and we derive equations for the fields
uD=u—u® and gV=g—g®.

(4) We solve the integrodifferential equations for the
fields u‘” and ¢ by iterations. We consider here the effects
that are linear in the spatial derivatives of the mean fields
V and N.

(5) We calculate the second moments for the turbulent
fields in order to find the Reynolds turbulent-stress tensor
o;; and flux of particles ¥;,

7= 01 =l )~ O = ), 19)

‘I’j=(q(0)u§-l)>+(q(1)u§0)>+(q(l)u§l)>, (19)

where crg-))= —(u?o)uj-o)) is the Reynolds turbulent-stress
tensor for the background turbulence. We assume that
(gOu®)y=0.

Substituting Egs. (18) and (19) into (16) and (17) yields
the equations for the mean fields. The described procedure
enables us to derive equations for the transport coefficients:
turbulent viscosity v and turbulent diffusion 7. The details
of the calculations are presented in the Appendix. The result
is given by

v _ ’ E(k 20
dk ~ 60vk? (), (20)
dn__ Pr(k)

ak = 3w+ pn LK) @1)

Here Pr(k)=v(k)/n(k) is the effective Prandtl number and
E(k) is the hydrodynamic energy spectra of the background
turbulence: :

» ub\ [ k\7#
E(k)=(B—1) %) \k)

where ko=1, 1. For example, for the Kolmogorov spectrum
of hydrodynamic turbulence B8=5/3 (see, e.g., [22]). After
the change of variables Eqgs. (20) and (21) are reduced to
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dv_ 7
=00 (22)
d77_ Pr
@ w1 )
where dé= — (E/3k*)dk and
_ (=E(K) ,_ué(ﬁ—l)(k)ﬁ‘l_ E(k)
5’L s T\ pri)\n) TG
(24)

The equation for the scale dependent Prandtl number Pr(k) is
derived from (22) and (23):

dPr - Pr(Pr—a;)( Pr+a,)
d_§__ v*(1+Pr)

(25)

Here a;~0.792 and —a,~ —0.442 are the roots of the qua-
dratic equation 20y?>—7y—7=0. It follows from Eq. (25)
that there is a special case for Pr(k) =Pri™=g,=0.792 when
the Prandtl number is constant in all scales of the turbulence.
The value 0.792 corresponds to the fixed point of Eq. (25).
The dependence of the turbulent viscosity » on & can be
determined from (22) and is given by

2 2 7
V(&) =yt qglétk) —&al, (26)

where ¢,=&(k=k,). A one-parameter set of solutions of
Egs. (22) and (23) for the turbulent transport coefficients
v(Pr) and 7(Pr) is given by

Re(P _v(Pr)  Pr|Prg—a;|*| Prg+ay|* -
o(Pr)= vy  Prg| Pr—a; Pr+a, | ’ @7
v(Pr)
7(Pr) = ——, (28)
where Pro#a,,
a)(1+ay) a(1—a,)
al——m‘;‘~0642, az—m~0.358.

These turbulent coefficients depend only on the Prandtl num-
ber Pr. Equation (27) allows us to describe asymptotical be-
havior of the Prandtl number Pr for large Reynolds number
Re(k)=v(k)/vy>1:

(Pro—a;)(Pro+a,) 0%
Pel.Sé(k) >

Pr(k)~0.792+0.618 (29)

where Pe(k) =Re(k)Pry>1. This means that in most of the
inertial range (where Pe(k)= n(k)/D>1) the Prandtl num-
ber Pr tends to the ultimate value of Pri™=(.792. Equation
(29) for Pr(k) and the ultimate value of Pri™ are in a fairly
good agreement with experimental results (for a review see
[23]).

Notably the above renormalization procedure is essen-
tially different from the renormalization group method
(RNG) described in [24]. Indeed, in the present study we do
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not provide a closure for the dynamical problem of turbu-
lence. We study the interaction between the weakly inhomo-
geneous mean fields and background hydrodynamic turbu-
lence. In contrast to the RNG method, the spectrum and
statistical properties of the background turbulence (with
zero-mean fields) are assumed to be known. Furthermore, the
background turbulence can be arbitrary. On the other hand,
in the RNG method an external random stirring force with
Gaussian statistics is introduced. We consider a situation
with very weak gradients of mean fields, and we study small
deviation from the background turbulence under the influ-
ence of small gradients of mean fields, e.g.,

lVN V{(Vg)?)
NS~ |

The spectrum of the background hydrodynamic turbulence is
located within a finite region of wave numbers from k,# 0 to
k,, where ko=1I5", k,=1,", Iy is the maximum scale of
turbulent motions, and /, is the “viscous” length scale at
which molecular dissipation becomes dominant.

In the above renormalization procedure the spectrum of
the background hydrodynamic turbulence is not determined
and it is assumed to be known. This means that we do not
study the dynamic problem of the hydrodynamic turbulence,
and we consider a particular problem of weak response of
homogeneous and isotropic turbulence to a weak external
gradient of the mean passive scalar field. Such an approach
allows us to avoid the fundamental difficulties associated
with divergencies, either at high wave number or at low
wave number. Common in our renormalization procedure
and in the renormalization group method is a step-by-step
averaging. However we do not perform a renormalization of
the background hydrodynamic turbulence as was done in the
RNG method (see [24]).

Now let us discuss the nonlinear terms [see Egs. (Al)—
(A6)]. We do not introduce a parameter of nonlinear interac-
tion that is assumed to be small in the RNG method (see
[24]). The nonlinear terms are taken into account by means
of the renormalized turbulent diffusion 7(k) and renormal-
ized turbulent viscosity v(k) for fluctuations with wave num-
bers k,<k<k,. However, we neglect nonlinear terms that
are associated with fluctuations in the small interval
k,.—|AK|<|k|<k, . It can be done for the following rea-
sons. In the Appendix we estimated the magnitude of these
nonlinear terms in Egs. (A1)—(A6) determined by the func-
tionals B,,,,(u;u) and S,(g;u). We also compared these non-
linear terms with the linear terms in Egs. (A1)—(A6) related
to the mean fields V;V; and N, where V is the mean velocity.
These linear terms are determined by the functionals
L,..(Viu) and H,(N;u). We found that the ‘“nonlinear”
functionals B,,,(u;u) and S,(q;u) are proportional to
(Ak)?, whereas the terms L,,(Viu) and H,(N;u) in Egs.
(A1)-(A6) are of order |AK|. In the Appendix we also esti-
mated the errors committed at each stage of averaging (due
to neglect of nonlinear terms) that can be accumulated. The
maximum error is of order |Ak|*?.

Therefore the “nonlinear” functionals B,,,(u;u)~|Ak|?
[and S,(q;u)~|AKk|?] can be dropped out for small
|AK|<<k, , where k,>k,. However, it does not mean that
the nonlinear terms are dropped out in all k space. In the first
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step of the renormalization procedure the equations are av-
eraged over fluctuations of scales from k! to k. ', There-
fore the nonlinear terms contribute to the turbulent transport
coefficient v and #» in all scales except for only very small
region of the spectrum: k, —|AK|<|k|<k, .

The equation for 7(k) was first derived in [20]. This
equation [see Eq. (2.11) in [20]] is different from Eq. (21) in
our paper. The cause of this difference is that in [20] an
approximation w<k?7(k) was used. In our study we do not
use this assumption and we choose the frequency spectrum
of the background hydrodynamic turbulence in the form of
the Lorenz profile [see Eq. (34)]. Integration in w space in
Eq. (A17) yields Eq. (21), which is different from Eq. (2.11)
of Ref. [20]. Note that it is possible to use another model of
the frequency spectrum of the background hydrodynamic
turbulence. However, the assumption w<<k?7(k) cannot be
considered as general.

The difference in the ultimate value of Pr'™ obtained in
[24] is caused by the fact that we do not renormalize the
background turbulence, which is assumed to be known. In
[24] the ultimate value of Pri™ is 0.718. Note that recently
the state of the art in the renormalization theories and the
unified mathematical formulation for passive scalar transport
problems were discussed in [25,26].

III. RENORMALIZATION PROCEDURE AND SPECTRA
OF PASSIVE SCALAR FLUCTUATIONS

Now let us derive the isotropic (VNy=0) and anisotropic
(VNy#0) spectra of the passive scalar fluctuations. Here
VN, is the external gradient of concentration. When VN
# 0 passive scalar fluctuations are excited by the “tangling”
of the mean gradient of the passive scalar concentration by
turbulent fluid flow. On the other hand, when VN;=0 pas-
sive scalar fluctuations are caused by an external source e.
The equation for the fluctuating component of the concentra-
tion g reads (see the Appendix)
(;—Ctl—nAq=—(u(0)-V)No+ €. (30)
In Eq. (30) we take into account the terms that are respon-
sible for the generation of the passive scalar fluctuations by
the “tangling” of the mean gradient of the concentration of
particles VN, with hydrodynamic fluctuations u®”. The
(u-V)g term in Eq. (30) is taken into account by means of
the renormalized turbulent diffusion 7 [see the Appendix
after Eq. (A6)]. Now we rewrite Eq. (30) in Fourier space
and calculate the second moment <q(1€1)q(122)>. The result is
given by

(q(k1)qks)) =~ G (k)G % (k) f Fon(k. K=0=0")0,,0,No(Q)No(0")dQdQ" + G (k)GE(k)I(k.K),  (31)

where 12=(I€1—I€2)/2 is the small-scale variable, and
K=k,+k, is the large-scale variable, and we neglect here
terms ~ O(K?>),

A K Ok
fmn(k;K): u(0> k+ — M(O) —k+ — ,

m 2 n 2

IkK)=\ e\ b+ 7 )e| K+ 7))

P ( k> G-
o)’ 7 —iw+ p(k)k?
Inverse Fourier transform of Eq. (31) in variable K yields
D (k,R) =G (k) GE(K)f (k. R)V ,,NoV , Ny
+G (k)GE()I(k,R). (32)

Equation (32) allows us to derive spectra of passive scalar
fluctuations. First we consider anisotropic spectra.

A. Anisotropic spectra of passive scalar fluctuations

The anisotropic k3 spectrum. Consider a case /=0 and a
range of wave numbers kq<<k<<min(kp ,k,). For the homo-
geneous and isotropic background turbulence,

1)

IR 5, o) st ), o3

fmn(k’k )“ 87Tk2

where the frequency component 7(k,w) is chosen as the
Lorenz profile:

G,G*%, (34)

T 0+ vkt

v(k)kz) 1 (V(k)kz)

T(k,a))=(

j T(k,w)dw=1.

Note that the timé dependence of the correlation function
W(k,)={u(k,t)u(k,t+ 7)) corresponds to a distribution:
W(k,T)=E(k)exp[ — v(k)k*7]. Now we calculate the integral

E Pr(k) \ R
S 7kS2(0) | T+ Pr(k) ) S 0V No),

(35)

f ®(k,R)dw=

where 6 is the angle between vectors k and VN,. We used
here formula (A19). Integrating (35) over the angles in k
space, and using Eq. (26), definition
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(qz(R)>Ef ff@(/é,R)sinedadgokzdkdw

Ef I'(k,R)dk, (36)

and identity (24) E=3k&(B+1), we find that

10(B8+1)
7

Pr?(k)

I'(k.R)= 1+ Pr(k)

)k‘3(VNO)2,
(37)

oo

where

_ 1 7 o ) _5-‘33
F(k)_1+R_ei(_kj ERCO_I s a-—-?:?,

and Reyg=Re(k=k). In most of the inertial range [where
Pe(k) = 5(k)/D> 1] the Prandtl number Pr tends to the ulti-
mate value of Prim=0.792 [see Eq. (29)]. Therefore in this
case the Prandtl number Pr is independent of k£ and the spec-
trum of the passive scalar fluctuations in the presence of the
mean gradient of the concentration of particles VN is de-
termined by Eq. (37) with Pr=0.792. Notably, this spectrum
is independent of the exponent in the spectrum of the turbu-
lent velocity field. In this sense the anisotropic k~* spectrum
of the passive scalar fluctuations is universal.

The k™' spectrum. Consider the case I=0 and the
range of wave numbers k,<k<k, (ie., Pr<1). In this
range the diffusion of the passive scalar is determined by
molecular transport, i.e., 7(k)=D. On the other hand, the
kinematic viscosity v(k) is determined by the turbulent
transport. Integration of Eq. (32) over w space yields

E(k)
®(k,R)= msinz 6(VNy)2. (38)

Then, integrating (38) over the angles in k space we find the
anisotropic spectrum of passive scalar fluctuations in the
range of wave numbers kp<k<k,:

—1) Pe? [ k| A4
RElE

E(k) R
F(k,R)= W(VNO) =

When B=5/3 the spectrum is given by

2 Pez K\~ 17/3
_crefx 2
I'(k,R) 9 k(3) (ko) (VNy)~.
Note that the anisotropic k™! spectrum depends on expo-

nent in the spectrum of hydrodynamic turbulence.

B. Isotropic spectra of passive scalar fluctuations

Consider a case VNy=0 and I#0. Equation (30) in k
space is given by

q(k)=G (k) e(k). (39)
By means of Eq. (39) we calculate the second moment,

X () =(q(k)e(—k))+(q(—k)e(k)).

The result is given by
X(K)=[G (k) + GE(k)11(k). (40)

We assume that the source of passive scalar fluctuations is
homogeneous and isotropic and frequency independent (i.e.,
it is a white noise). Therefore I(k)=1I(k). Integrating (40)
over w space and over the angles in k space we find

X (k) =8m2I(k). (41)

Now we assume that the flux of the passive scalar over the
spectrum is constant, i.e.,

kp
x(k)= L X+ (k") (k'")?dk’ = const= . (42)

Solution of Eq. (42) for k<<kp is given by

Xo(3—B) -3

InPe ’ (43)

X (k)=

where we take into account that kp=kyPe!/®~# . Combin-
ing (43) and (41) yields

Xo(3—=B) _,

1) = 5 2 inpe

(44)

Substituting (44) into Eq. (32), using (36), (A18), and inte-

grating over the angles in k space and over w space yields

Xo(3—B8)[ 1
2InPe \ n(k)k3)"

I'(k)= (45)

The k™3 spectrum. Consider a range of wave numbers
ko<k<min(kp,k,). We rewrite Eq. (45) in the form

Xo(3—B) ( Pr(k) )

TO=mpe |\ 308

It was found in this section that in range
ko<k< min(kp,k,) for large Reynolds number
Re(k)=v(k)/vy>1, and the Prandtl number

Pr(k)= const=a;~0.792 [see Eq. (29)]. Using the identity
E(k)=3k&(B+1) and Eq. (26) we obtain

Xoa1(3—B) (30(B+ 1)) 2k

2InPe 7 VE(k)

T'k)= (46)

When B=5/3 Eq. (46) yields

XoTo [ k 37
I‘(k)~2.18kolnpe(a> .

The isotropic k™7 spectrum. Consider a range of wave
numbers kp<k<k,. The diffusion coefficient in this range

is determined by molecular transport, i.e., 77(k)=D. Solu-
tion of Eq. (8) with VNy=0 is given by

q(1€)=—iG,,(/€)Jum(lé—ié')k,’nq(é')dlé’. (47)

Comparing Egs. (47) and (39) we obtain 6(/2)2
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A

e(k)=—if up(k—k' k! g(k")dk'.

Therefore,
covel s K ( ; K\ 1 Vol
I(k,K)=\ € +E €| — +§ _§<umum><‘ ql >’
(48)
where

(1Valy=— | kiknatinaknak ai”

and we assume that in the range k,<<k<<k, the spectrum of
passive scalar fluctuations is steep. Therefore the main con-
tribution in / (IQ,IAO is from fluctuations of the passive scalar
q(k") of the inertial range ko<k'<<kp and from fluctuations
of velocity field u(k”) in the interval kp<<k”"<<k,. This
means that k>k',k"; i.e., the fluctuations of ¢ and u are not
correlated. Therefore

. K N A A U R
<q(k+ '2—)q( —k+ E) > = gGD(k)sz)(k)<umum><|VQ|2>

Integration over w space and over the angles in k space
yields a spectrum of isotropic passive scalar fluctuations in a
range of wave numbers kp,<k<<k,:

—1) Pe? k\=A4
r(k)=(ﬁ3—*)%<lwlz>(g) : (49)

When 8=5/3 Eq. (49) yields
2 PeZ —-17/3
= —_ — 2 _
ro=3 S val| 2]

Note that the scalar transport problem can be formally
separated from the dynamical problem of turbulence. Indeed,
we study the passive scalar fluctuations in a prescribed tur-
bulent velocity field. Therefore, the dependence v(k) as well
as the rest of the hydrodynamic characteristics are the exter-
nal parameters of this problem and must be specified inde-
pendently. In this sense the hydrodynamic problem and that
of passive scalar transport are independent. However, since
we also determine the spectra of passive scalar fluctuations
we need the explicit dependence of the Prandtl number
Pr(k), e.g., v(k). This is the reason that we derived the
approximate equation for v(k) using the simple renormaliza-
tion procedure. Certainly this procedure does not allow us to
determine the spectra of hydrodynamic turbulence B3, which
is assumed to be known.

Notably, we did not derive the spectrum different from the
spectrum of the Corrsin-Obukhov theory. Indeed, the k3
spectrum in the anisotropic case was derived in our study for
a different problem. In contrast to Corrsin-Obukhov theory,
we considered a completely different mechanism of excita-
tion of passive scalar fluctuations. While Corrsin-Obukhov
assumed the isotropic external source of fluctuations, we
analyzed the case when passive scalar fluc-

TABLE I. Isotropic and anisotropic spectra of passive scalar
fluctuations. The case B=5/3 corresponds to the Kolmogorov
spectrum for turbulent velocity field.

Isotropic spectra
of the passive scalar

Anisotropic spectra
of the passive scalar

ko<k<min(kp ,k,)

B>0: k=G=A2 k™3(VNy)?

B= 3 k=P k3 (VNg)?

kp<k<k,

B>0: kA4 k™B4(VNy)?
,3: %: kv17/3 k~l7/3(VN0)2

tuations are generated by ‘“‘tangling” of an external gradient
of mean passive scalar field VN, by a turbulent velocity
field.

The mechanism of ‘“‘tangling” of an external mean field
by hydrodynamic fluctuations is not new. It is well known
from the theory of magnetic fluctuations (passive vector
field) that the result of “tangling” of mean magnetic field is
a generation of anisotropic magnetic fluctuations (see, e.g.,
[21,27,28]). The spectrum of these anisotropic magnetic fluc-
tuations is different from that of isotropic magnetic fluctua-
tions excited by the Zeldovich mechanism in homogeneous
and isotropic hydrodynamic turbulence (see, e.g., [4,27,29]).

A similar situation occurs in the passive scalar transport.
The difference between the latter case and magnetic (passive
vector field) case is that incompressible homogeneous and
isotropic turbulent velocity field cannot cause self-excitation
(exponential growth) of passive scalar fluctuations (in con-
trast to the exponential growth of the magnetic fluctuations
excited by the Zeldovich mechanism). Isotropic passive sca-
lar fluctuations can be excited by an external isotropic source
as adopted in Corrsin-Obukhov theory.

Naturally, these two completely different mechanisms of
generation of passive scalar fluctuations (external isotropic
source and “‘tangling” of an external gradient of mean pas-
sive scalar field VN, by a turbulent velocity field) result in
different spectra: the k> spectrum in the Corrsin-Obukhov
theory and the k™3 spectrum in the anisotropic case.

If two these sources (external isotropic source and “‘tan-
gling” of an external gradient of mean passive scalar field)
exist simultaneously the passive scalar fluctuations can be
regarded as a mixture of isotropic (with the k™ spectrum)
and anisotropic (with the k3 spectrum). It is conceivable to
suggest that in the case when there exists only one source of
passive scalar fluctuations, i.e., an external gradient of mean
passive scalar field, the resulting fluctuation spectrum will be
a mixture of two parts, isotropic (~k~>3) and anisotropic
(~k~3). The latter suggestion can be verified experimen-
tally by measurements of correlation function of concentra-
tion field in r space.

IV. DISCUSSION

In this study we considered the isotropic and anisotropic
spectra of passive scalar fluctuations in a turbulent fluid flow
with a power law <k~ # spectrum by means of a renormal-
ization procedure. The results are presented in Table I. It is



3438

FIG. 1. Domain of integration in k space for the functionals
B, (a) and L,,, (b).

seen that the anisotropic k3 spectrum is universal. It is in-
dependent of the exponent in the spectrum of hydrodynamic
turbulence. Note that the existence of the k™3 spectrum
found in [10] was the subject of controversy (see, e.g.,
[2,15,17]). In the present study this spectrum has been de-
rived by the renormalization procedure as well as the known
k™3 and k™77 spectra. The k™ and k' spectra of pas-
sive scalar fluctuations exist only in a turbulent fluid flow
with the Kolmogorov spectrum (8=5/3). The interval of
wave numbers k,<k<<kp (i.e., Pry> 1) cannot be studied by
the renormalization procedure. In this region the k~! spec-
trum exists [11,13].

APPENDIX: EQUATIONS FOR THE TURBULENT
TRANSPORT COEFFICIENTS

Let us derive equations for the turbulent fields. The total
pressure can be excluded from the equation of motion by
taking the “‘curl” of this equation. So we repeat twice the
vector multiplication of Egs. (14) and (16) written in k and
o space by k. Then we subtract Eq. (16) from Eq. (14) and
Eq. (17) from Eq. (15), respectively, change to a frame mov-
ing with a local velocity of the mean flows V, and transform
Eqgs. (17) and (15) to k and o space. The result is given by

A I _
u;(k)+ EijnGVan(u;u)=Gvfj—iG,,ij,,Lmn(V;u),
(A1)

q(12)+iG,,ann(q;u)= —iG k,H,(N;u)+€G,,
(A2)
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where
Lmn(a;b)=fa,,,ué')b,,(/é—ié')dzé',
B,..(a;b)=L,,,(a;b)—{(L,,.(a;b)),
Hn(a;b)zf a(k"b,(k—k")dk',

Sn(a;b):Hn(a;b)—<Hn(a;b)>s

ijn:Ajmkn+Ajnkm’ ijnzAjmkns
kjk,,
Ajm=5jm“‘ K2’

SRS p—
“lwl’ P E "_—iw+yk2’

Here we use incompressibility condition V-u=0, and,
therefore

Y=v,n.

f un(ié—é)QnN(Q>d3Q=knf u,(k—Q)N(Q)d*Q.

Define a background turbulence as the turbulence with
VN=0 and V,V;=0. The equations for u‘” and ¢‘© for the
background turbulence are given by

A i
u;O)(k)+_Z_PJmnGuan(u(O);u(O)):Gij’ (A3)

g Ok) +iG kS, u @) =G e (A4)
[see Egs. (A1) and (A2)]. Note that the equations are written
in a frame moving with a local “mean” flow V. The corre-
lation functions of the background turbulence have the most
simple form (for example, they are homogeneous and isotro-
pic) only in this frame, while these correlations in the labo-
ratory frame are anisotropic [20,21].

The equations for the fields uP=u—u'® and
hV=h—h® are derived from (A1)-(A4):

a0 -
(6 + 5 P innG ol Bun(u 3 D) 4 B (150 ) 4 B (u V) 1= =i G P [ Ly (Vite @) + Ly (Vi) ],

g V(R +iG k[ Su(qV5u) +8,(gV5u ) +8,(gV5u)]= ~iG k,[H,(N;u®) + H,y(N;u)].

(A5)

(A6)

These equations describe the deviation from the background turbulence caused by nonzero mean field gradients VN and

A2

Let us estimate the magnitude of the nonlinear terms in Eqs. (A1)-(A6) determined by the functionals B,,,(u;u) and
S,(g;u). The volume of the domain of integration in k' space is very small. Indeed, the end points of the vectors k',
k—k’, and k fall within a thin spherical shell of the thickness |AK| [see Fig. 1(a)]. Thus, for example,

!ijann(u(o);u(l)N:

b [ WO

sk*U*f u(ﬂ?)u(*l)dw=7rki(Ak)2j u(ﬂ?)u(*l)dw.
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Here U, =7k, (Ak)? is the volume of the domain of inte-
gration [see Fig. 1(2)], u’=u”(k=%k,). The other func-
tionals B,,,(u;u) and S,(q;u) can be estimated similarly
and are proportional to (Ak)Z.

Now we find the linear terms in Egs. (A1)—(A6) related to
the “mean” fields V,V; and VN. The equation of the surface
that determines the domain of integration for the functionals
L,..(V;u) and H,(N;u) is given by ki=(k——k’)2. Because
|k|=k,., the equation of this surface reduces to
|k'|=2k,cos6, where @ is the angle between k and k’. The
volume of the domain of integration is Uy= 7k%|AK| [see
Fig. 1(b)]. Thus the terms L,,,(V;u) and H,(N;u) in Egs.
(A1)—(A6) are of order |AK|. Therefore the functionals
B, (u;u)~|AK|? [and S,(q;u)~|AKk|?] can be dropped out
for small |AKk|<k, , where k,>k,. Now we estimate the
errors committed at each stage of averaging (due to neglect
of nonlinear terms) which can be accumulated. The error at
each stage of averaging is §,~|Ak|2. A number of small
regions that yield the error can be estimated as
n,~kp/|AK|. Now we assume that fluctuations of the back-
ground turbulence in these small regions are statistically in-
dependent. Therefore the maximum error committed at each
stage of averaging (due to neglect of nonlinear terms) is of
order

My
o= gl<5a>2~J|Akl“n*~lAkP’2.

Here we will take into account only terms ~O(|AKk|).
Therefore we can neglect nonlinear terms that are associated
with fluctuations in the small interval k, —|AK|<|k|<k,, .

However, this does not mean that the nonlinear terms are
dropped out in all k space. At the first step of the renormal-
ization procedure the equations are averaged over fluctua-
tions of scales from k' to k;l. Therefore the nonlinear
terms contribute to the turbulent transport coefficient v and
7 in all scales except for only very small region of the spec-
trum: k, — |AK|<|Kk|<k, .

The equations for the fields u;‘”(/é) and ¢@(k) of the
background turbulence are reduced to

uﬁo)(ﬁ)= G.f;, q(o)(lg) =G €.

Therefore the background turbulence is assumed to be given.

In order to derive equations for the turbulent coefficients
v and 7 we have to find the dependence of the second mo-
ments (u;u;) and (qu;) on the large-scale fields V.V, and
VN. Let us consider, for example, a correlation function
(ujuj),

(uiD)u,(9))= f (i) (ko) yexpli (ko + k23) 1k 1y
= f F(K,7)exp(iKR)dK,

where
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F,-j(fc,f)=f (ui(k+K/2)u;(—k+K/2))exp(ikr)dk,

R and K correspond to the large scales, and 7 and k to the
small ones (see, for example, [21,30]). The others second
moments have the same form. These correlation functions
are calculated at /=0 and ¢,=1,.

At first we have to solve the system of the equations (A5)
and (A6). Let us consider here the effects that are linear in
the spatial derivatives of the mean fields V and N. We use
the method of iterations. The first iteration corresponds to the
solutions of Egs. (A5) and (A6) when the right parts of these
equations equal zero:

uj.l)(]}\)z _iGVISjanmn(V§u(0)),
Doy — . . 0
g D(k)=—iG k,H,(N;u®).

Note that the terms B,,,(u;u)~(Ak)? and S,(g;u)~(Ak)?
are dropped. These solutions in the explicit form are given
by

kik; A A Al a
kz’)vi(Q)Qmuﬁ,P(kl—Q)dQ,
(A7)

“ﬁl)(él)z—iGuJ (5ij_

g V() ==iG, [ N©)QuV (k- 0)a0, (A9

where 121 =k+K/2. The second iteration produces terms
~0(Q2N2;Q2V2) which are neglected. Therefore
u§1)~u§1) and g(D~gD.

The second moments describing a deviation of the turbu-
lence from the background level can be obtained from Egs.
(A7) and (A8). For simplicity, the background turbulence is
assumed to be homogeneous and isotropic, i.e.,

A

A

k+K
2

. K E(k)T(k,w)
) _ _ —_
M ( k+ 2>> g k2

k,.k, A
X ( Soun— —;‘2‘—) 8(K). (A9)

Integration in Egs. (A7) and (A8) over the angles in k space
results in the following expressions for the second moments:

1
(upy ) ===V, J-( E()T(k,)G ,dkdw, (A10)

1 oN
(¢ V)=~ 7%

3 3R, E(k)T(k,w)G ,dkdw. (All)
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Here (¢@u"y=0, because (¢‘Pul”)=0, and (uPul)
~(qgVul”)~0(Q*N*;0*V?), where

v, 14V,

=—"+ .
Vmn=3r *% R,

Integration in (A10) and (All) is performed over w from
— to o and over k from k,—|AK| to k, . The following
integrals are used for the calculations of the second moments
in (A10) and (A11):

ki . 4
f (k-a) P—sm0d0d<p= 3 4

kik;\ 8
8;i— 2 sinfd 8d ¢ = -—3—6ij,

f (k-a)(k-b) —>>sinfd 0d o= — k>
k 15
X[(a-b)6;;+a;b;+a;b;].

Substituting Eqgs. (A10) and (A11) into the expressions for
tensors (18) and (19) yields

=@ 4 A 8_V,n_+ IV (A12)
Tmn= Oy v 17R,, lng ’
¥,,=—(VN)An, (A13)
where
7
Ap= %Mklf E(k)T(k,0)G do, (A14)
1
A’FEW‘IJ E(k)T(k,w)G ,dw, (A15)

and we take into account that for small |Ak| the integral
JF(k)dk~|Ak|F(k'), where k,—Ak<k'<k, . Substitut-
ing (A12) and (A13) into Egs. (16) and (17) yields the equa-
tions that coincide in form with Egs. (14) and (15). This
means that these equations are invariant under the procedure
of the successive averaging, i.e., invariant under the renor-
malization of the turbulent transport coefficients. The term
Vaf,?,f is dropped for the homogeneous background turbu-
lence and we take into account that (g®u(?)=0.

Now we divide Egs. (A14) and (A15) by Ak=—|Ak| and
pass to the limit of small Ak. The minus sign arises because
the procedure of the successive averaging is performed from
small scales to large ones. Note that the background turbu-
lence is confined in the region ko<<k<<k,. Therefore the
equations are not renormalized for k<<k,. The small values
of Ak imply that |Ak|<k,. Then the equations for the tur-
bulent viscosity and turbulent diffusion are reduced to

d 7
d_]:’ - %J E(K)T(k,»)G dw, (A16)
d 1
d_Z=~§j E(K)T(k,0)G do. (A17)

Using (34) and integrating in Egs. (A16) and (A17) over o
space yield the equations for the turbulent coefficients (20)
and (21). In the derivation we used integrals of the products
of Green functions:

o o
* = * =
fGaGadw pye jGaGaGBdw K (at B)’
(A18)
™
* * o=
fGaGaGﬁGﬂdw m (A19)
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